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Ž .L. A. Rubel’s universal differential equation 1981, Bull. AMS 4, 345]349
corresponds to an algebraic polynomial in four variables of degree seven. A simpler
universal differential equation is found where the attached polynomial is homoge-
neous of degree six. We investigate complex-valued C Ž‘.-solutions of this differen-
tial equation, whose imaginary parts approximate arbitrary continuous functions on
R. Q 2000 Academic Press
1. INTRODUCTION AND STATEMENT OF THE RESULT
w xIn 1981 L. A. Rubel 4 published an algebraic differential equation
Ž .ADE having some surprising properties:
There exists a nontri¤ial fourth-order ADE such that any real continuous
function on the real axis can be uniformly approximated by the C Ž‘.-solutions
of this ADE. One such specific ADE is
3 yX 4 yY yXXXX 2 y 4 yX 4 yZ 2 yXXXX q 6 yX 3 yY 2 yZ yXXXX q 24 yX 2 yY 4 yXXXX y 12 yX 3 yY yZ 3
y 29 yX 2 yY 3 yZ 2 q 12 yY 7 s 0. 1.1Ž .
All of the seven terms of this ADE are of weight 14, the corresponding
algebraic polynomial
g x , x , x , x s 3 x 4 x x 2 y 4 x 4 x 2 x q 6 x 3 x 2 x x q 24 x 2 x 4 xŽ .1 2 3 4 1 2 4 1 3 4 1 2 3 4 1 2 4
y 12 x 3 x x 3 y 29 x 2 x 3 x 2 q 12 x71 2 3 1 2 3 2
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is homogeneous of degree seven, and the degrees with respect to the
variables x , x , x , x are 4, 7, 3, 2, respectively. Furthermore, the sum of1 2 3 4
the coefficients vanishes.
In order to prove his result, Rubel introduced a so-called primiti¤e
S-module,
t 21rŽ s y1.c t [ e ds y1 F t F 1 . 1.2Ž . Ž . Ž .H
y1
Then, every function
y x s Ac a x q b q B y1 F a x q b F 1 1.3Ž . Ž . Ž . Ž .
Ž .with real parameters A, B, a , and b is a solution of 1.1 . The approxi-
Ž .mating functions y in Rubel’s theorem consist of functions from 1.3
pieced together in the «-neighborhood of a given real function f. Note
that
lim c Žm. t s 0 s lim c Žm. t m s 1, 2, 3, . . . .Ž . Ž . Ž .
y qt“y1 t“1
w x w xIn 2 and 3 the author made contributions to the problem of finding an
w xADE of order three. In 2 , the primitive S-module
p pt y1rcos se ds y F t FH ž /2 2ypr2
is used to construct a third-order ADE, but the integer coefficients of this
ADE still depend on the Lipschitz class of the given continuous function f
w x Ž .and on the «-neighborhood. In 3 it is shown that the functions 1.3 are
local solutions of a third-order functional equation. This functional equa-
tion is highly complicated, it consists of 206 terms.
The object of this paper is to find an ADE of order four simpler than
Ž .the one in 1.1 . First of all this means it is necessary to reduce the degree
of the corresponding algebraic polynomial. But it turns out that Rubel’s
Ž .ADE 1.1 is already a very simple one. The author has not found a real
primitive S-module such that the corresponding ADE has some degree
smaller than 7. For instance, the functions
p p
y x s Ax a x q b q B y F a x q b FŽ . Ž . ž /2 2
with
p pt 2ytan sx t [ e ds y F t FŽ . H ž /2 2ypr2
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are solutions of the ADE
4 yX 4 yY yXXXX 2 y 4 yX 4 yZ 2 yXXXX y 4 yX 3 yY 2 yZ yXXXX q 27yX 2 yY 4 yXXXX y 4 yX 3 yY yZ 3
y 20 yX 2 yY 3 yZ 2 q 18 yY 7 y 17yX yY 5 yZ s 0,
X Y 5 Z Ž .which is, apart from the term 17y y y , very similar to 1.1 . The main
idea in finding a simpler ADE is to put the approximating functions on a
complex carrier function, i.e., they will occur as the real or the imaginary
part of a function
y : C Ž‘. R “ C.Ž .
These functions y satisfy an ADE of degree six with complex coefficients
'Ž .from the field Q y 3 . We shall prove:
THEOREM. There exists a nontri¤ial fourth-order ADE such that any real
continuous function on the real axis can be uniformly approximated by the
imaginary parts of the complex-¤alued C Ž‘.-solutions of this ADE. One such
specific ADE is
4ayX 3 yZ 2 yXXXX y 3ayX 3 yY yXXXX 2 q 2byX 2 yY 2 yZ yXXXX y 24 yX 2 yY yZ 3
y 7ayX yY 3 yZ 2 q 4cyY 5 yZ s 0, 1.4Ž .
' ' 'where a [ 1 q i 3 , b [ 9 q i 3 , c [ 3 q i 3 .
All of the six terms of this ADE are of weight 13, the corresponding
algebraic polynomial
h x , x , x , x s 4ax3 x 2 x y 3ax3 x x 2 q 2bx2 x 2 x xŽ .1 2 3 4 1 3 4 1 2 4 1 2 3 4
y 24 x 2 x x 3 y 7ax x 3 x 2 q 4cx 5 x1 2 3 1 2 3 2 3
is homogeneous of degree six, and the degrees with respect to the variables
x , x , x , x are 3, 5, 3, 2, respectively. Again, the sum of the coefficients1 2 3 4
Ž .vanishes. Moreover, it can be shown that the polynomial h x , x , x , x is1 2 3 4
'Ž .w xirreducible in Q y 3 x , x , x , x .1 2 3 4
In the proof of our theorem we shall deal with two primitive S-modules,
namely
'3t 21rŽ s y1.F t [ y e sin ds y1 F t F 1 , 1.5Ž . Ž . Ž .H 2ž /s y 1y1
'3t 21rŽ s y1.G t [ e cos ds y1 F t F 1 . 1.6Ž . Ž . Ž .H 2ž /s y 1y1
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Ž . Ž .Rubel’s primitive S-module c t from 1.2 is a monotone function. Obvi-
Ž .ously F t is no monotone function, and this fact requires a careful
investigation in order to solve the approximation problem in the «-neigh-
borhood of a given continuous function. We have
yu '‘ e cos 3 uŽ .
h [ G 1 s du s y0.1849041403 . . . ,Ž . H1 4 3'1 u y u
yu '‘ e sin 3 uŽ .
h [ F 1 s du s 0.3326286578 . . . .Ž . H2 4 3'1 u y u
It is of great importance that the integral defining h does not vanish.2
w xIn 1 the reader can find a survey on the theory of universal formulae
and universal differential equations.
2. SOLVING THE APPROXIMATION PROBLEM
Put
'x 321rŽ s y1.v [ max e sin ds .H 2ž /s y 1y1FxF1 y1
Ž .LEMMA 2.1. Let f g C R , « ) 0, z g Z.
Ž .i There are some positi¤e integer n and a piecewise affine function
Ž .w x defined on z F x F 1 q z which interpolate the function f in the pointsz
1 2
z , z q , z q , . . . , z q 1 2.1Ž .
n n
of the real axis in the following way: Arranging side by side all the functions
w , we get a continuous piecewise affine function w such thatz
«
f x y w x - x g R . 2.2Ž . Ž . Ž . Ž .
2
Ž . Ž .ii Let r - r denote two consecuti¤e rationals from 2.1 . Then we1 2
ha¤e
«h2
f r y f r - . 2.3Ž . Ž . Ž .2 1 2 v q hŽ .2
w xProof. Let I denote the interval z, 1 q z . The function f is uniformlyz
continuous on I , hence there is some d ) 0 such thatz
«h2
f x y f y - 2.4Ž . Ž . Ž .
2 v q hŽ .2
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< <holds for x, y g I with x y y - d . Let some positive integer n satisfyz
1rn - d and put
n y 1 n
I [ z q , z q n s 1, 2, . . . , n .Ž .z , n n n
Ž .Then 2.4 is guaranteed for x, y g I . Particularly, it holds for x s rz, n 2
Ž .and y s r , which proves 2.3 .1
w xWe fix some interval I s r , r . Let the graph of the functionz, n 1 2
Ž .w x for x g I be the line which interpolates the function f in thez, n z, n
endpoints r and r of I . Therefore, we conclude for every point1 2 z, n
x g I thatz, n
«h2
w r y w x F f r y f r - , 2.5Ž . Ž . Ž . Ž . Ž .z ; n 1 z , n 1 2 2 v q hŽ .2
Ž . Ž . Ž .where the right-hand inequality is given by 2.3 . Using w r s f rz, n 1 1
Ž . Ž .and the triangle inequality, we get by 2.4 and 2.5 that
f x y w x F f x y f r q w r y w xŽ . Ž . Ž . Ž . Ž . Ž .z , n 1 z , n 1 z , n
«h «h «2 2
- q F x g I .Ž .z , n2 v q h 2 v q h 2Ž . Ž .2 2
Note that v G h holds. All the functions w arranged side by side2 z, n
Ž .define a continuous piecewise affine function w on R satisfying 2.2 and
Ž . Ž .w x \ w x for x g I . This completes the proof of the lemma.z z
Ž . Ž .LEMMA 2.2. Let f g C R , « ) 0, z g Z. Let n and I 1 F n F n bez, n
w xas in the proof of Lemma 2.1. For e¤ery inter¤al I s r , r there are realz, n 1 2
numbers A, B, a , b such that the function
¤ x [ AF a x q b q B x g I 2.6Ž . Ž . Ž . Ž .z , n z , n
interpolates f in the endpoints r and r of I . Arranging side by side all the1 2 z, n
Ž‘.Ž .functions ¤ we get a function ¤ g C R satisfyingz, n
f x y ¤ x - « . 2.7Ž . Ž . Ž .
Ž .Proof. On I we define ¤ by 2.6 , wherez, n z, n
f r y f rŽ . Ž .2 1
A [ , B [ f r ,Ž .1h2
2 r q r2 1
a [ , b [ y .
r y r r y r2 1 2 1
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It can easily be verified by straightforward computations that
¤ r s f r i s 1, 2 2.8Ž . Ž . Ž . Ž .z , n i i
holds. This proves the first assertion of the lemma.
Ž .By 2.8 it is clear that ¤ defined in the lemma is a continuous function
on R. Moreover,
lim ¤ Žm. x s 0 s lim ¤ Žm. x 2.9Ž . Ž . Ž .z , n z , ny qx“r x“r1 2
w x Ž .holds for m G 1 and x g I s r , r . We derive 2.9 fromz, n 1 2
my 1 'd 32Žm. m 1rŽ s y1.¤ x s yAa e sinŽ .z , n my1 2ž /ds s y 1
ssa xqb
Ž . Ž‘.Ž .for x g I . By 2.9 , ¤ is some function from C R . Therefore itz, n
Ž .remains to prove 2.7 for ¤ s ¤ . Let w be the affine functionz, n z, n
introduced in the proof of the preceding lemma, i.e.,
f r y f rŽ . Ž .2 1
w x s x y r q f r x g I .Ž . Ž . Ž . Ž .z , n 1 1 z , nr y r2 1
w xThen we get for x g I s r , r ,z, n 1 2
f x y ¤ x F f x y w x q w x y ¤ xŽ . Ž . Ž . Ž . Ž . Ž .z , n z , n z , n z , n
« x y r F a x q bŽ .1
- q f r y f r ? yŽ . Ž .2 12 r y r h2 1 2
Ž Ž . Ž ..by 2.2 and 2.6
« r y r v2 1F q f r y f r qŽ . Ž .2 1 ž /2 r y r h2 1 2
« v q h « «2s q f r y f r - q s «Ž . Ž .2 12 h 2 22
Ž Ž ..by 2.3 . The lemma is proved.
Ž .LEMMA 2.3. Let z, n, and I 1 F n F n be as in Lemma 2.1.z, n
Moreo¤er, let A, a , b denote the parameters of the function ¤ gi¤en inz, n
Ž . Ž .2.6 . Then real numbers C s C z, n do exist such that the functions
u x [ AG a x q b q C x g I 2.10Ž . Ž . Ž . Ž .z , n z , n
Ž‘.Ž .can be pieced together to some function u g C R .
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Proof. In what follows we define the function u successively. First we
consider the interval I . Here we may choose arbitrarily some real0, 1
Ž .number C; the real numbers A, a , b corresponding to z s 0 and n s 1
Ž . Ž .are already given in the preceding lemma. Put u x [ AG a x q b q C0, 1
Ž .x g I .0, 1
Ž . w xi Let I [ q , q denote an interval where the function u is1 2
already defined. There are uniquely determined indices z, n such that the
Ž .left-hand endpoint of the interval I coincides with q . Let C [ u q inz, n 2 2
Ž . Ž . Ž . Ž .2.10 . Obviously, one gets u q s u q , and u x is also defined onz, n 2 2
I . Particularly, u is a continuous function on I j I . Proceeding in thez,n z, n
same way, we finally get a continuous function u on R .G 0
Ž .ii Again we assume that u is already defined on I = R . ForG 0
certain indices z, n the right-hand endpoint of the interval I coincidesz, n
Ž .with q . Let C [ u q y Ah , where A corresponds to ¤ . We have,1 1 1 z, n
using a q q b s 1,1
u q s AG a q q b q u q y Ah s u q ,Ž . Ž . Ž . Ž .z , n 1 1 1 1 1
and u is defined on I . It turns out that u is continuous on I j I .z, n z, n
Altogether the function u is continuous on R. Moreover, the identities
lim uŽm. x s 0 s lim uŽm. x 2.11Ž . Ž . Ž .z , n z , ny qx“r x“r1 2
w x Ž . Ž .hold for m G 1 and x g I s r , r . From 1.6 and 2.10 we havez, n 1 2
my 1 'd 32Žm. m 1rŽ s y1.u x s Aa e cosŽ .z , n my1 2ž /ds s y 1
ssa xqb
Ž .for m G 1 and x g I . This proves 2.11 and consequently we getz, n
Ž‘.Ž .u g C R , which gives the assertion of the lemma.
Ž . Ž‘.Ž .COROLLARY. Let f g C R and « ) 0. Then functions u, ¤ g C R
Ž . Ž .exist, which are defined piecewise by 2.10 and 2.6 , respecti¤ely, such that
y x [ u x q i¤ x x g R 2.12Ž . Ž . Ž . Ž . Ž .
Ž‘.Ž .is some function from C R satisfying
yX x s a Ae g rŽ s2y1 . x g I . 2.13Ž . Ž . Ž .z , n
'Here we ha¤e put s [ a x q b , g [ 1 y i 3 with parameters A, a , b corre-
sponding to the functions u and ¤ . Furthermore,z, n z, n
f x y ¤ x - « x g R .Ž . Ž . Ž .
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Proof. By the preceding lemmas it remains to verify the identity in
Ž .2.13 :
yX x s uX x q i¤ X xŽ . Ž . Ž .
' '3 32 21rŽ s y1. 1rŽ s y1.s Aa e cos y ie sin2 2ž / ž /ž /s y 1 s y 1
s Aa e g rŽ s2y1 . .
3. ELIMINATION OF THE PARAMETERS FROM THE
APPROXIMATING FUNCTIONS
Ž .In order to show that the functions y from 2.12 satisfy the ADE in
Ž . Ž .1.4 , we differentiate the identity in 2.13 with respect to the variable x,
yX s a Ae g rŽ s2y1 . , 3.1Ž .
2 gs 2Y 2 g rŽ s y1.y s ya A e , 3.2Ž .22s y 1Ž .
6 gs4 q 4 g g y 1 s2 y 2 gŽ . 2Z 3 g rŽ s y1.y s a A e , 3.3Ž .42s y 1Ž .
yXXXX s ya 4A
24 gs7 q 12 g 3g y 2 s5 q 8 g g 2 y 3g y 3 s3 y 12 g g y 2 sŽ . Ž .Ž .
= 62s y 1Ž .
= e g rŽ s
2y1 . . 3.4Ž .
Ž . Ž .From 3.1 and 3.2 we get
2Y X2y s y 1 yŽ . 2g rŽ s y1.a s y ? , e s .Xy 2 gs a A
g rŽ s2y1 . Ž . Ž .Putting in these terms for a and e in 3.3 and 3.4 , the identities
3Y S2 q 2 g Y y Y y Y S y Y s 0,Ž .Ž .2 2 1 2 2
6Y S3 q 3 3g y 2 Y S2 q 2 g 2 Y y Y y 3gY y 3Y SŽ . Ž .Ž .4 4 4 3 4 4
q 3 2 y g Y s 0, 3.5Ž . Ž .4
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where
Y [ yX yZ , Y [ yY 2 , Y [ yX 2 yXXXX , Y [ yY 3 ,1 2 3 4
2 Ž .2and S [ s s a x q b , are obtained by some straightforward computa-
Ž .tions. One may consider 3.5 as a system of two polynomials of degree 2
and 3, respectively, having a common zero S. Therefore the resultant of
these polynomials vanishes, and that means
6Y 3 3g y 2 Y ??? 0Ž .4 4
0 6Y ??? 3 2 y g YŽ .4 4
0 s 3Y 2 g Y y Y y Y ??? 0Ž .Ž .2 2 1 2
0 3Y ??? 02
0 0 ??? yY2
s y12 g 2 yY 5 ? y4 g 2 yX 4 yZ 2 yXXXX q 3g 2 yX 4 yY yXXXX 2
y2 g 5g y 8 yX 3 yY 2 yZ yXXXX q 12 g g y 2 yX 3 yY yZ 3Ž . Ž .
y 5g 2 y 24 g q 48 yX 2 yY 3 yZ 2 y 8 g g y 1 yX yY 5 yZŽ .Ž .
q8 g 2 y 2 g q 4 yX 2 yY 4 yXXXX q 4 g 2 y 2 g q 4 yY 7 .4Ž . Ž .
Ž .Choosing g s 1, we get Rubel’s universal ADE 1.1 from the sum inside
Ž .the brackets. The function y from 2.12 corresponds to the value g s 1 y
'i 3 , which yields
g 2 s y2 a, g 5g y 8 s y2b , g g y 2 s y4,Ž . Ž .
5g 2 y 24 g q 48 s 14a, g g y 1 s yc, g 2 y 2 g q 4 s 0.Ž .
Then the ADE of our theorem results from the above identity. By the
corollary of the preceding section we finish the proof of the theorem.
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